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The grand canonical Monte Carlo method is employed to study the adsorption of Xe on a qua-
sicrystalline Al-Ni-Co surface. The calculation uses a semiempirical gas-surface interaction, based on
conventional combining rules and the usual Lennard-Jones Xe-Xe interaction. The resulting adsorp-
tion isotherms and calculated structures are consistent with the results of LEED experimental data.
In this paper we focus on five features not discussed earlier (Phys. Rev. Lett. 95, 136104 (2005)): the
range of the average density of the adsorbate, the order of the transition, the orientational degeneracy
of the ground state, the isosteric heat of adsorption of the system, and the effect of the vertical cell
dimension.
I. INTRODUCTION
The adsorption of simple gases on essentially flat sur-
faces has been studied extensively for the last 50 years,
beginning with early experiments on exfoliated graphite
[1–3]. Many phenomena that are found to occur in
these systems are reasonably well described by the two-
dimensional (2D) approximation [3]. However, this ap-
proximation fails to capture some of the more intriguing
kinds of behavior, which make the subject of monolayer
films diverse and challenging. A variety of monolayer
phenomena can be attributed to competing adsorbate-
adsorbate and adsorbate-substrate interactions; the rel-
evant variables are the substrate symmetry and the inter-
action strengths and length scales of the adsorbate relative
to those of the substrate [4,5].
Recently, our group has begun to explore the behavior
of simple gases physisorbed on quasicrystalline surfaces
[6,7]. The first system that we have explored extensively
is Xe on the surface of the quasicrystal d-Al73Ni10Co17
[8]. Ours is not the first study of film growth on quasicrys-
talline surfaces. A variety of growth modes has been seen
in previous studies on a variety of substrates [9]. A key dif-
ference between our work and the previous investigations
is that Xe is expected to be physically adsorbed, although
we will see that the atomic binding energy lies near the
upper limit of the regime normally ascribed to physical
interactions (binding energy ≈ 0.3 eV). One advantage
of physisorption relative to stronger binding adsorption
is the presumption that the physisorption process does
not alter the interacting partners significantly. That is,
the surfaces do not reconstruct due to the film’s presence
and the adatoms retain their chemical identity, interact-
ing with each other with forces similar to their gas phase
interaction. A substantial body of experimental data for a
variety of adsorption systems has provided strong support
for this point of view [3].
In this paper we focus on five features not discussed ear-
lier [6]: the range of the average density of the adsorbate,
the order of the transition, the orientational degeneracy
of the ground state, the isosteric heat of adsorption of the
system, and the effect of the vertical cell dimension. In the
following section, we discuss the methods used in this sim-
ulation study. Section II introduces briefly the method.
Section III reports the results and compares them with
recent experiments from our group. Section IV summa-
rizes these results, draws conclusions and comments on
strategies for future research in this area.
II. METHOD
We study the adsorption of Xe on the tenfold surface of
the decagonal Al73Ni10Co17 quasicrystal (QC) using the
grand canonical Monte Carlo simulation method (GCMC)
[10,11]. Since this technique is widely used and we have
described our method in detail previously [7,12], only a
brief description is given here. At constant volume, V ,
and temperature, T , the GCMC method explores the con-
figurational phase space, using the familiar Metropolis al-
gorithm, and finds the equilibrium number of adsorbed
atoms, N , as a function of the chemical potential, µ, of
Xe. µ is related to the pressure of the coexisting gas, which
is taken to be ideal. We also determine density profiles,
ρ(x, y), and adsorption isotherms, ρN , as a function of the
pressure, P (T, µ). For each data point in an isotherm, 18
million GCMC steps (each step being an attempted cre-
ation, deletion, or displacement of an atom) are performed
to reach nominal equilibrium and 27 million steps are per-
formed in the subsequent data-gathering phase. Displace-
ments, creations, and destructions of atoms are executed
with probabilities equal to 0.2, 0.4, and 0.4, respectively
[12].
The interaction potentials used in the calculations are
based on the 12-6 Lennard-Jones (LJ) functional form of
pair interaction. The construction of the interactions is
described in detail in references [6,13–15]. Using these
potentials, we perform simulations in a tetragonal cell.
The height of the cell, along the z (surface-normal) direc-
tion, is chosen to be 10 nm (long enough to contain ∼20
layers of Xe). At the top of the cell, a hard-wall reflective
potential is simulated to confine the vapor. The base of
the cell has dimensions of 5.12 x 5.12 nm2 and periodic
boundary conditions are employed along the x and y di-
rections. These periodic boundary conditions render the
surface effectively infinite; we use a relatively large cutoff
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(5σgg) to minimize long range interaction corrections.
Figure 1(a) shows the function Vmin(x, y), which is cal-
culated by minimizing the adsorption potential along the
z direction at every value of the planar coordinates (x, y):
Vmin(x, y) ≡ min (V (x, y, z))|along z . (1)
Such a figure reveals the fivefold rotational symmetry of
the substrate. Dark regions in the figure correspond to
the most attractive regions on the substrate. By choos-
ing appropriate sets of five dark spots, we can identify
pentagons, which correspond to the inflated tile of a pen-
tagonal Penrose tiling. The sizes of the pentagons follow
the inflationary property of the QC structure.
III. RESULTS AND DISCUSSION
A layer-by-layer growth mode for Xe on this QC surface
was observed and reported earlier [6]. Figure 1(b) shows
a particular isotherm at T=77K with the formation of the
first and second layers.
Density of the adsorbate. A detailed study of the den-
sity profiles of the isotherms shows that the range of the
density of the monolayer is considerably larger than that
of the bilayer. For example, at 77K, the average density
of the monolayer increases from 4.09 atoms/nm2 at its
formation to 5.74 atoms/nm2 at its completion (a 40%
increase) whereas for the bilayer, it increases from 10.84
atoms/nm2 at its formation to 10.98 atoms/nm2 at its
completion (less than 2% increase). The density increase
of the monolayer is several times larger than that observed
experimentally for Xe on Ag(111), a much flatter sub-
strate [16]. The difference is due to the much larger lat-
eral variation in adsorption energy experienced by the Xe
on the QC surface. The magnitude of this variation is
apparently much smaller for the second layer.
Order of the transition. An interesting phenomenon
that we have found in this system is the continuous rear-
rangement of Xe atoms in the monolayer, which leads to
the ordering transition from fivefold to sixfold. Such re-
ordering appears to be continuous in the evolution of the
location of the first peak in the pair correlation function
shown in Figure 2(b) of reference [6]. However, there are
some peculiarities that must be explained in detail.
To better characterize the evolution of the adsorption
process we define a reduced chemical potential µ⋆, as:
µ⋆ ≡
µ− µ1
µ2 − µ1
, (2)
where µ1 and µ2 are the chemical potentials at the onset
of the first and second layer formation, respectively. In
addition, we introduce an order parameter, ρ5−6, which is
defined as the probability of fivefold defects:
ρ5−6 ≡
N5
N5 +N6
, (3)
where N5 and N6 are the number of atoms having 2D co-
ordination number equal to 5 and 6, respectively. The
2D coordination number is the number of neighboring
atoms within a cutoff radius of 1.366 · 0.44 nm = 0.601
nm (1.366 = cos(π/6) + 1/2 is the average of the 1st NN
and the 2nd NN in a triangular lattice); 0.44 nm is taken
from the first NN distance of Xe at 77K (note that this
distance does not change appreciably between 0.440 nm
at 77K and 0.443 nm at 140K [6]).
FIG. 1. (color online). (a) Minimum potential energy sur-
face, Vmin(x.y), for Xe on a 5.12 x 5.12 nm
2 section of QC.
The scale at the right shows the energy scale, which ranges
from -280 to -160 meV. (b) Adsorption isotherm, ρN , versus
the reduced chemical potential, µ⋆, at T = 77K. (c) Nearest
neighbor distance defined from the pair correlation function,
rNN , (black line), and average spacing between neighbors at
equilibrium, d¯NN , (red line). (d) Order parameter ρ5−6 (prob-
ability of fivefold defects, defined in Eq. 3) versus the reduced
chemical potential, µ⋆, at T = 77K. (e) Total energy per atom
at T = 77K. The transition, which is defined as the point in
µ⋆ above which the order parameter remains nearly constant,
occurs at µ⋆tr ∼0.8. The discontinuity in Etot/N around µ
⋆
tr ∼
0.8 indicates a latent heat of the transition. The order param-
eter ρ5−6 after the transition is ∼ 0.017.
Figure 1(d) shows a plot of order parameter ρ5−6 versus
the reduced chemical potential for T = 77K. It starts from
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∼ 0.8 at the first layer formation and gradually decreases.
It drops and remains at a nearly constant value of ∼ 0.017
for µ⋆ ≥ µ⋆tr ∼ 0.8, where µ
⋆
tr is a transition reduced
chemical potential at 77K. Figure 1(e) shows the total
energy per atom, Etot/N . At the transition point µ
⋆
tr, the
energy per atom has a little step indicating a latent heat of
the transition. The discontinuity of the order parameter
ρ5−6 and the presence of latent heat indicate that the
transition is first-order.
In spite of this evidence for a first-order transition, the
nearest neighbor distance, labeled rNN in Figure 1(c), ap-
pears to change continuously. This nearest neighbor dis-
tance, also reported in our earlier paper [6], was defined
as the location of the first peak in the pair correlation
function because the latter property is more directly com-
parable to diffraction measurements. Here we have also
calculated the average spacing between neighbors, d¯NN ,
which is a thermodynamically meaningful quantity (re-
lated to the density). This has a small discontinuity at
the transition, providing additional evidence for the first-
order character of the transition. Both quantities, rNN
and d¯NN , are shown in Figure 1(c). The NN Xe-Xe dis-
tance rNN decreases continuously as P increases, start-
ing from 0.45 nm and saturating at 0.44 nm. The Xe-Xe
distance reaches saturation value before the appearance
of the second layer; therefore, the transition is complete
within the first layer. We note that a similar decrease in
NN distance was measured for Xe/Ag(111), but in that
case, the NN spacing did not saturate before the onset of
the second layer adsorption [16,17].
Defects are present at all temperatures that we have
simulated (in the interval 20K to 286K). The probabil-
ity of defects increases with temperature, implying that
their origin is entropic, as is the case for a periodic crys-
tal. Figure 2-(right axis) shows that the defect probability
increases as T increases, while Figure 2-(left axis) shows
the trend of the transition point in function of T. At low
temperatures, the sixfold ordering occurs earlier (at lower
µ⋆tr) as the temperature is increased from 40K to 70K.
This trend is expected because the ordering effect imposed
by the substrate corrugation becomes relatively smaller
as the temperature increases. However, this trend is not
observed in the higher temperature region (from 70K to
140K). In fact, at higher temperatures the transition point
shifts again to higher µ⋆tr. This is most likely due to the
monolayer becoming less two-dimensional, allowing more
structural freedom of the Xe atoms and thus decreasing
the effect of the repulsive Xe-Xe interaction that would
stabilize the sixfold structure. Transitions having critical
µ⋆tr > 1 indicate that the onset of second-layer adsorption
occurs earlier than the transition to the sixfold structure.
When the second layer adsorbs at T >130K, the density
of the monolayer increases by a few percent, thereby in-
creasing the effect of the repulsive interactions and driving
the fivefold to sixfold transition.
The fact that the structural transition for Xe occurs
entirely within the first layer suggests that atoms in sub-
sequent layers are arranged in a triangular lattice, which
is indeed the case [6]. Furthermore, this finding suggests
that the effect of the corrugation of the adsorption po-
tential on the structure of further layers is quite small.
The large corrugation experienced by the first layer com-
bined with the structural mismatch of the substrate and
the Xe(111) plane causes more variation in the local struc-
tures of the atoms in the first layer. This explains why the
first-layer step in the isotherm is broader than the second-
layer step, and why the density variation during the evolu-
tion of the bilayer is smaller, as pointed out earlier. When
the second layer begins to form, our simulations indicate
a slightly (about 0.01 nm) larger NN spacing for the sec-
ond layer than for the first layer. A similar coexistence
of two lattice spacings was also found in calculations for
Xe/Ag(111) [19] but was not observed experimentally for
that system or for this one.
FIG. 2. Values of µ⋆tr for the fivefold to sixfold transition
points from 40K to 140K (left axis). Transition points at
µ⋆tr > 1 indicate that a transfer of atoms from the second
layer to the first layer is required to complete the transition.
Also shown is the defect probability as a function of T after the
transition occurs (right axis), indicating an increase in defect
probability with T .
The observed transition from fivefold to sixfold order
within the first layer can be viewed as a commensurate-
incommensurate transition (CIT), since at the lower cov-
erage, the layer is commensurate with the substrate sym-
metry and aperiodic, while at higher coverage, it is incom-
mensurate with the substrate. Such transitions within the
first layer have been observed before for adsorbed gases,
perhaps most notably for Kr on graphite [20]. There, as
here for Xe, the Kr forms a commensurate structure at low
coverage, which is compressed into an incommensurate
structure at higher coverage. The opposite occurs for Xe
on graphite, which is incommensurate at low coverage and
commensurate at high coverage [21]. Such commensurate-
incommensurate transitions have been studied theoreti-
cally in many ways, but perhaps most simply as a har-
monic system (balls and springs) having a natural spac-
ing that experiences a force field having a different spacing
[22]. Such a transition has been found to be first-order for
strongly corrugated potentials (in 1D) but continuous for
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more weakly corrugated potentials [23]. The transition
observed in our quasicrystal surface suggests that system
is within the regime of “strong” corrugation, which was
not the case of Kr over graphite [20]. In fact, for the
latter system, both commensurate and incommensurate
structures have sixfold symmetry. A more relevant com-
parison may be the transition of Xe on Pt(111), from a
rectangular symmetry incommensurate phase to a hexag-
onal symmetry commensurate one, although in that case,
the low-temperature phase was incommensurate. That
transition was also found to be continuous [24]. There-
fore, while our simulations indicate that Xe on Al-Ni-Co
undergoes a CIT, as observed for other adsorbed gases, the
observation of a first-order CIT is new, to our knowledge,
and likely arises from the large corrugation. Simulations
with other noble gases, possessing different values of σgg
and ǫgg, would give insight into the origin and location of
the transition [18]. Simulations carried out with decreas-
ing pressure in this region show some hysteresis. While
hysteresis is often interpreted as evidence of a first-order
transition, this is not necessarily the rule. For example
previous calculations have exhibited hysteretic behavior
within a monolayer on a very heterogeneous surface, where
no transition occurs [25,26].
Orientational degeneracy of the ground state. In our
earlier paper, it was described that after the ordering tran-
sition is complete, the resulting sixfold structure is aligned
parallel to one of the sides of the pentagons in the Vmin
map of the adsorption potential (there are five possible
orientations). In the experiments, all five orientations are
observed, due to the presence of all possible alignments of
hexagons along five sides of a pentagon in the QC sample
within the width of the electrons beam (∼0.25 mm). In
an ideal infinite GCMC framework the ground state of the
system would be degenerate and all five orientations would
have the same energy and be equally probable. However,
the square periodic boundary conditions of our GCMC
break this orientational degeneracy, causing some orien-
tations to become more likely to appear.
To find all the possible orientations, we performed sim-
ulations with a cell having free boundary conditions. The
cell is a 5.12 x 5.12 nm2 quasicrystal surface surrounded by
vacuum. Figure 3(a) shows the Vmin map of the adsorp-
tion potential. Thirty simulations at 77K are performed
with this cell. The isotherms from these runs are plotted
in Figure 3(b). Only the first layer is shown, and the fi-
nite size of the surface makes the growth of the first layer
continuous. The density profiles ρ(x, y) of all the simula-
tions are analyzed at point p⋆ of Figure 3(b). In this cell,
all five orientations of hexagons are observed with equal
frequency indicating the orientational degeneracy of the
ground state. To represent the five orientations, density
profiles of five calculations (c, d, e, f, and g) are shown
in Figures 3(c) to 3(g) with their FT plotted on the side.
Figure 3(h) presents a schematic depiction of which ori-
entations of hexagons are exemplified in each simulation.
Figures 4(a) and 4(b) illustrate the effect of pentago-
nal defects on the orientation of hexagons at point p⋆ of
Figure 3(b). In most of the density profiles correspond-
ing to this coverage, we find the behavior shown in Figure
4(a). Here, the effect of the pentagonal defect, which is
the center of a dislocation in the hexagonal structure, is to
rotate the orientation of the hexagons above the pentagon
by 2 · 60◦/5 = 24◦ with respect to the hexagons below the
pentagon. The possible rotations are n · 12◦, where n =
1,2,3,4, or 5. The rotation by 12◦ is usually mediated by
more than one equivalent pentagon, as is shown in Figure
4(b) (note the “up” pentagon at the middle-bottom part
and the “down” pentagon near the middle-top part of the
figure). The “up” pentagon (with one vertex on the top)
is equivalent with the “down” pentagon (with one vertex
on the bottom) since they have five orientationally equiv-
alent sides). These pentagonal defects are induced by the
fivefold symmetry of the substrate, and their concentra-
tion decreases in the subsequent layers.
FIG. 3. (a) Minimum potential energy surface of the adsorp-
tion potential with free boundary conditions. (b) Adsorption
isotherms of the first layer from a set of 30 simulations at 77K
using the free cell described in the paper. Five density profiles
and FTs at point p⋆ of (b) are shown in (c) to (g), representing
all possible orientations of hexagonal domains. (h) Schematic
diagram illustrating the correspondence between the orienta-
tions of the hexagonal domains observed in the density profiles
(c) to (g).
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FIG. 4. Pentagonal defects rotate the orientation of
hexagons by (a) θ1 = 24
◦ and (b) θ2 = 12
◦.
Isosteric heat of adsorption. Figure 5 shows a P -T di-
agram for three different coverages constructed from the
isotherms in the range 40K< T <110K. In the GCMC
simulations the layers grow step-wise; at 70K the first step
occurs between coverage ∼0.06 and ∼0.7, the second step
occurs between coverage 1.0 and ∼1.9, and the third step
occurs between coverage ∼1.9 and ∼2.8 (unit is in frac-
tions of monolayer). Figure 5 shows the T , P location of
these steps, denoted “cov 0.5”, “cov 1.5”, and “cov 2.5”
for the first, second, and third steps, respectively. The
isosteric heat of adsorption per atom at these steps can
be calculated from this P -T diagram as follows [16]:
qst ≡ −kB
d(lnP )
d(1/T )n
. (4)
FIG. 5. (color online). Locations in P , T of the vertical ris-
ers in the isotherms corresponding to the first (square), second
(circle), and third (triangle) layer formation. The heats of ad-
sorptions, qst, are 270, 129, and 125 meV/atom respectively,
calculated as described in the text. The inset figure shows qst
obtained from the simulations as well as from the experiments.
The inset of Figure 5 summarizes the values of qst
obtained from simulations and experiments. The agree-
ment between experiment and the simulations for the half
monolayer heat of adsorption is good. The values obtained
in the simulation for the 1.5 and 2.5 layer heats are about
20% lower than the bulk value of 165 meV [27]. The lower
values suggest that bulk formation should be preferred at
coverages above one layer. However, layer-by-layer growth
is observed at all T for at least the first few layers in these
simulations. We therefore believe that the low heats of
adsorption arise from slight inaccuracies in the Xe-Xe LJ
parameters used in this calculation, as the heats of ad-
sorption are very sensitive to the gas parameters.
Effect of the vertical dimension. In our earlier study
only 2 steps, corresponding to the first and second layer
adsorption, were apparent in the isotherms [6]. Further
simulations indicate that when the cell is extended in the
vertical direction, additional steps are observed. There-
fore the number of observable steps is related to the size
of the cell. Nevertheless, layering is clearly evident in the
ρ(z) profile, and the main features of the film growth are
not altered. The average interlayer distance is calculated
to be about 0.37 nm, compared to 0.358 nm for the inter-
layer distance in the < 111 > direction of bulk Xe [28].
Our simulations of multilayer films show variable adsorp-
tion as the simulation cell is expanded in the direction
perpendicular to the surface. This is a result of sensi-
tivity to perturbations (here, cell size) close to the bulk
chemical potential, where the wetting film’s compressibil-
ity diverges. This dependence has been seen previously
in large scale simulations. See e.g. Figure 3 of reference
[29]. The analog of this effect in real experiments is capil-
lary condensation at pressures just below saturated vapor
pressure (svp), the difference varying as the inverse pore
radius.
IV. CONCLUSIONS
One of the main motivations for the study of Xe on
the QC surface was to elucidate which adsorption phe-
nomena are due to the QC structure of the substrate,
as opposed to chemical interactions between the adatoms
and the substrate. We have discovered a system that is
rich with interesting phenomena, some of which are com-
mon to other physisorption systems and some that are
different. The features that have been observed include
layer-by-layer growth at low temperatures, complete wet-
ting above the 3D triple point, a first-order phase transi-
tion from a “commensurate” structure to an incommen-
surate hexagonal close-packed structure within the mono-
layer regime, substrate-induced alignment of the incom-
mensurate film, and an increase in defect probability with
temperature. Above a monolayer, the structure continues
to grow in hexagonal close-packed layers [6]. The features
that are different are specific to the fivefold symmetry of
the substrate, and include a fivefold commensurate struc-
ture and a fivefold to sixfold structural transition. We
have observed some other phenomena for which we are
unaware of previous reports, including the U-shaped curve
of commensurate-incommensurate transition chemical po-
tential µ⋆tr versus temperature and orientational domain
boundaries generated by pentagonal defects. It would be
interesting to investigate how these features are affected
by different potential parameters, and further investiga-
tions for Ne, Ar and Kr adsorption on this surface are in
progress [18].
5
The agreement between the simulations reported here
and the corresponding experimental studies by our group
are very good, perhaps better than might be expected,
although good correspondence was already observed ear-
lier in calculations of the low-coverage properties of this
system [14]. The main points of comparison are the na-
ture of the film growth, the submonolayer isosteric heat
of adsorption, and the structure of the film above one
monolayer. The high level of agreement for these features
indicates that LJ potentials provide a good description of
the interactions in this system, at least those pertaining
to the main features of the film growth. Despite this good
agreement, one might question the use of LJ potentials in
light of experimental observations that Xe atoms on metal
surfaces have a preference for low-coordination sites [30].
That preference is believed to originate from a screening
response of the metal to the adsorbed Xe [31]. At this
time, there are no experimental measurements of adsorp-
tion sites for Xe on QC surfaces, but the good agreement
found here for film growth suggests that any such screen-
ing interactions have a negligible effect on the global ad-
sorption behavior, which is also the case for metal sur-
faces.
It would be very useful to have experimental measure-
ments that would elucidate the structure of the monolayer
Xe film. LEED experiments sample the outer several lay-
ers of the sample, making it difficult to differentiate be-
tween the Xe structure and the substrate structure if they
are the same, as indicated by these simulations. Low-
temperature STM experiments on this system have thus
far been inconclusive because of the difficulty of estab-
lishing a tunneling current through the Xe to the weakly-
conducting QC substrate. An ideal probe of the mono-
layer structure would be He-atom diffraction, which has
been used for similar measurements of metal films on QC
surfaces [32], and such measurements are planned.
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